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In this note we show that there exists a new set of operators {Q} (this set is different
from the operators which satisfy the Lie algebra of the Poincare group P1,3) with
respect to which the Dirac and Maxwell equations are invariant. We shall give the
detailed proof of our assertions only for the Dirac equation, since for the Maxwell
equations all the assertions are proved analogously.
The Dirac equations [1]
i
∂Ψ(t,x)
∂t
= HΨ(t,x), H = γ0γapa + γ0γ4m (1)
is invariant with respect to such a set of operators {Q} which obey the condition[
i
∂
∂t
−H, Q
]
Ψ(t,x) = 0, ∀ Q ∈ {Q}. (2)
It is well known that there are two sets of operators which satisfy the condition (2).
The first set has the form [2]
{Q˜1} =


P˜
(1)
0 = p0 = i
∂
∂t
, P˜ (1)a = pa = −i
∂
∂xa
, a = 1, 2, 3,
J˜ (1)µν = xµpν − xνpµ + Sµν , µ, ν = 0, 1, 2, 3,
(3)
where
Sµν =
i
4
(γµγν − γνγµ), [xµ, pν ] = −igµν.
The second set has the form [3]
{Q˜2} =


P˜
(2)
0 = H = γ0γapa + γ0γ4m, P˜ (2)a = pa,
J˜
(2)
ab ≡ Jab = xapb − xbpa + Sab, a, b = 1, 2, 3,
J˜
(2)
0a = x0pa −
1
2
(xaH +Hxa),
(4)
We shall prove the followimg assertion.
1
Theorem 1. The eq. (1) is invariant with respect to such two sets of operators
{Q˜3} =


P˜
(3)
0 = p0, P˜
(3)
a = pa, J˜
(3)
ab ≡ J˜ (2)ab ≡ Jab,
J˜
(3)
0a = x0pa − xap0 −
i
2
(
1− γ0H√H2
)(
γa√
H2 −
γ0Hpa
H2
√
H2
)
p0;
(5)
{Q˜4} =


P˜
(4)
0 = H, P˜ (4)a = pa, J˜ (4)ab = Jab = xapb − xbpa + Sab,
J˜
(4)
0a = x0pa −
1
2
(x˜aH +Hx˜a),
(6)
where
x˜a = xa +
i
2
(
1− γ0H√H2
)(
γa√
H2 −
γ0Hpa
H2
√
H2
)
. (7)
Proof. It may be shown by an immediate verification that the invariant condition
(2) is satisfied for the operators (5) and (6). However, a more easy and elegant way
is the following. Let us perform a unitary transformation [1] over eq. (1) and the
operators (5) and (6)
U =
1√
2
(
1 +
γ0H√
H2
)
. (8)
Under the transformation eq. (1) and the operators (5), (6) will have the form
i
∂Φ(t,x)
∂t
= HcΦ(t,x), Hc = γ0E, Φ = UΨ, E =
√
p2 +m2, (9)
{Q3} =


P
(3)
0 = UP˜
(3)
0 U
−1 = p0, P
(3)
a = UP˜
(3)
a U
−1 = pa,
J
(3)
ab = UJ˜
(3)
ab U
−1 = Jab, J
(3)
0a = x0pa − xap0,
(10)
{Q4} =


P
(4)
0 = UHU−1 = Hc = γ0E, P (4)a = pa,
J
(4)
ab = UJ˜
(4)
ab U
−1 = Jab, J
(4)
0a = x0pa −
γ0
2
(xaE + Exa).
(11)
Now it may be readily verified that the invariant condition (2) in the new represen-
tation[
i
∂
∂t
−Hc, Q
]
Φ(t,x) = 0 (12)
is satisfied if the operators {Q} have the form (10) and (11). This proves the theorem.
Remark 1. The operators (10), (11) (this means that also the operating (5), (6))
satisfy the relations[
P (j)µ , P
(j)
ν
]
= 0,
[
P (j)µ , J
(j)
αβ
]
= i
(
gµαP
(j)
β − gµβP (j)α
)
, j = 3, 4. (13)
[J
(j)
ab , J
(j)
cd ]− = i
(
gcdJ
(j)
bc − gacJ (j)bd + gbcJ (j)ad − gbdJ (j)ac
)
,[
J
(j)
0a , J
(j)
0b
]
−
= −i
(
J
(j)
ab − Sab
)
, a, b, c, d = 1, 2, 3; j = 3, 4.
(14)
2
From (14) it follows that if the matrices Sab are added to the operators (10), (11),
then the set of operators
{
P
(j)
µ , S
(j)
µν , Sab
}
form the Lie algebra.
Remark 2. From the above considerations it follows that the wave function Φ in
passing from one inertial frame of reference to another which is moving with velocity
−V may be transformed by four nonequivalent ways
Φ(j)(t,x) = exp
[
iJ
(j)
0c θc
]
Φ(j)(t,x), j = 1, 2, 3, 4,
J
(j)
0c = UJ˜
(j)
0c U
−1, tgh θ = |V |.
(15)
It is to be emphasized that by the transformation (15) the time does not change if
J
(j)
0c ∈ {Q2} or {Q4}:
x0 = exp
[
iJ
(4)
0c θc
]
x0 exp
[
−iJ (4)0b θb
]
= exp
[
iJ
(2)
0c θc
]
x0 expn
[
−iJ (2)0b θb
]
= x0,
xa = exp
[
iJ
(4)
0c θc
]
xa exp
[
−iJ (4)0b θb
]
.
Such transformations xa, are not equivalent to the conventional Lorentz transforma-
tions. If in these formulae J
(j)
0a ∈ {Q3}, the xa and x0 transform in the conventional
Lorentz way. We thus find that, if the energy of a free particle is defined as usually
E =
√
p2 +m2, then this does not mean in general that the theory must be invariant
with respect to the Lorentz transformations.
Theorem 2. The Hamiltonian H in eq. (1) commutes with the operators
S˜ab =
i
4
(γ˜aγ˜b − γ˜bγ˜a), a, b = 1, 2, 3,
S˜4a =
i
4
(γ˜4γ˜a − γ˜aγ˜4),
(16)
where
γ˜a = γa +
1
2
(
1− γ0H√
H2
)
(γaγc − γcγa)pc + 2γaγ4m√
H2
,
γ˜4 = γ4 +
(
1− γbpb + γ4m√H2
)
γ4γcpc√
H2 .
Proof. If we perform the transformation (8) over the operators (16), we obtain
Skl = US˜klU
−1 = Skl =
i
4
(γkγl − γlγk), k, l = 1, 2, 3, 4. (17)
From (17) it follows [Hc, Skl] = 0 and
[Skl, Snr]− = i(gkrSln − gknSlr + glnSkr − glrSkn), k, l, n, r = 1, 2, 3, 4. (18)
The analogous theorem is valid for any arbitrary relativistic equation in the cano-
nical form describing free particle motion with spin s [1].
Remark 3. The operators (16) serve as an example of the nonlocal generators (in
configuration space) which satisfy the Lie algebra of the group O4. Previously it was
3
known that the Hamiltonian had only the group O3 symmetry since the spin of a
particle was the integral of the motion.
Following Good [4, 5], the Maxwell equations may be written in the Hamiltonian
form
i
∂ϕ(t,x)
∂t
= H1ϕ(t,x), H1 = Bp,
H2ϕ 6= 0, B = σ2 ⊗ S, ϕ =
(−E
H
)
, σ2 =
(
0 −i
i 0
)
.
(19)
Equations (19) by Erikson–Beckers transformation [5]
U1 =
1√
2
{
1 + (σ3 ⊗ 13) H√H2
}
, 13 =

1 0 00 1 0
0 0 1

 . (20)
transfer into
i
∂Φ1(t,x)
∂t
= Hc1Φ1(t,x), Φ1 = U1ϕ,
Hc1 = (σ3 ⊗ 13)E, σ3 =
(
1 0
0 −1
)
.
(21)
From (21) it is clear that the condition (12) (with the Hamiltonian Hc1) is satisfied
for Q ∈ {Q1, Q2}. Of course in (11) the 4 × 4 matrix γ0 must de substituted by the
matrix σ3 ⊗ 13, and the 4× 4 spin matrices by B.
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